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Abstrat
The notion of Galois urrents in Rational Conformal Field Theory is introdued and illus-
trated on simple examples. This leads to a natural partition of all theories into two lasses,
depending on the existene of a non-trivial Galois urrent. As an appliation, the projetive
kernel of a RCFT, i.e. the set of all modular transformations represented by salar multiples
of the identity, is desribed in terms of a small set of easily omputable invariants.
1 Introdution
A most important harateristi of a (Rational) Conformal Field Theory is the assoiated modular
representation [1℄. Not only does it presribe the transformation of the genus one haraters of the
primary elds under the modular group Γ (1) = SL (2,Z), but it does also determine the entral
harge (modulo 8), the frational part of the onformal weights, the fusion rules via Verlinde's
formula, et.[2, 3℄. All these properties are linked to the fat that the modular representation of an
RCFT provides part of the dening data of a modular tensor ategory [4, 5, 6℄.
A fundamental property of the modular representation, onjetured by many authors over the
years [7, 8, 9, 10, 11℄ and nally proved in [12℄, is the ongruene subgroup property: there exists a
natural number N (whih turns out to equal the order of the matrix T representing the Dehn-twist
τ 7→ τ + 1), suh that the kernel of the modular representation ontains the prinipal ongruene
subgroup
Γ (N) =
{(
a b
c d
)
∈ Γ (1) | a, d ≡ 1 (mod N) , b, c ≡ 0 (mod N)
}
.
In other words all modular transformations whih belong to Γ (N) are represented by the identity.
This result has far reahing impliations both in theory and pratie, e.g. it is the basis of powerful
algorithms to ompute arbitrary modular matries.
One we know that the kernel is a ongruene subgroup, we an look for a omplete desription
of it in terms of a small set of easy-to-ompute invariants. As it turns out, this won't work for
the kernel, but the reason is that the kernel is not the right notion to look at. It is the projetive
kernel, i.e. the set of modular transformations represented by salar matries, that is the natural
objet, and for it one does indeed get a simple desription. Along the way emerges the notion of
Galois urrents, whih are simple urrents [13, 14, 15℄ related to the Galois ation [16, 17℄. The
basi result about Galois urrents is uniqueness: a model an have at most one non-trivial Galois
urrent. This leads at one to the partition of all RCFTs into two lasses, aording to whether
they have a non-trivial Galois urrent or not. As we shall see, while the latter are the generi ones,
many important examples of RCFTs - like the Ising model - fall into the rst lass.
This paper aims to give a brief survey of the above results, onentrating on the oneptual
issues, and leaving the tehnial details to a separate publiation. Besides introduing the relevant
notions and stating the main results, a ouple of simple examples are inluded in order to illustrate
the general theory.
2 Modular matries and the Galois ation
As indiated in the introdution, to eah rational CFT is assoiated a nite dimensional represen-
tation D of the modular group Γ (1). This representation is most onveniently desribed by a pair
1
of matries S and T , whih represent the generators
(
0 −1
1 0
)
and
(
1 1
0 1
)
of the modular
group. These matries have to satisfy the dening relations
STS = T−1ST−1 ,
S4 = 1
of the modular group. It should be noted that the matries S and T arry muh more information
than a mere linear representation of Γ (1), for the individual matrix elements have an invariant
meaning in themselves, in other words the representation omes equipped with a distinguished
basis formed by the genus 1 haraters of the primary elds. The properties of the matrix elements
with respet to this distinguished basis are summarized in Verlinde's theorem [2, 3℄:
1. The matrix T is diagonal and of nite order;
2. The matrix S is symmetri;
3. The fusion rules of the primaries are given by Verlinde's formula
Npqr =
∑
s
SspS
s
qS
s
r
Ss
0
,
where 0 labels the vauum (the onformal blok of the identity).
One may show that the modular representation is quite speial in many respets, the basi result
being the ongruene subgroup property mentioned in the introdution, i.e. that the kernel kerD
of the modular representation is a ongruene subgroup of level N [12℄. One may also show that
the ondutor N , whih is equal to the order of the matrix T , is bounded by a universal funtion
of the dimension (= number of primary elds). Moreover, if we denote by K the projetive order
of T , i.e. the smallest positive integer suh that TK is a salar matrix, then the integer e = N
K
is a
divisor of 12 [12℄. The integers e and K are important harateristis of the model.
Beause the individual matrix elements have an invariant meaning, it is meaningful to look at
their arithmeti properties, whih is the ontent of the theory of the Galois ation [16, 17℄. The
basi idea is to look at the eld F obtained by adjoining to the rationals the matrix elements of
all modular matries (it is enough to adjoin those of the generators S and T ). It turns out that
the eld F equals the ylotomi eld Q [ζN ], where N is the ondutor of the model. By a well
known result of algebrai number theory, the Galois group of the ylotomi eld Q [ζN ] over Q is
isomorphi to the group GN = (Z/NZ)
∗
of prime residues modulo N , where to the prime residue
l ∈ GN orresponds the map σl sending ζN to its l-th power ζlN . As σl maps F into itself, it is
meaningful to onsider its ation on the matrix elements of S and T . The basi result [16, 17℄,
whih follows from Verlinde's theorem, is
σl
(
Spq
)
= εl (q)S
p
pilq
,
where pil is a permutation of the primaries - the Galois permutation assoiated to l ∈ GN -, while
εl (q) = ±1 is a sign. The above Galois permutations dene a permutation ation of GN on the set
of primaries, beause they satisfy pilm = pilpim.
3 Galois urrents
Aording to the traditional denition [13, 14, 15℄, a simple urrent is a primary eld α whose
quantum dimension is 1, i.e. suh that Sα0 = S
0
0 . From this denition follows that the fusion
produt of a simple urrent α with a primary p is again a primary eld, denoted αp, i.e. simple
urrents indue permutations of the primaries. Of ourse, the permutations arising this way are
quite speial, and it is a hallenging problem to haraterize those permutation groups that may
orrespond to the ation of simple urrents on the primary elds of some RCFT. In any ase, this
indued permutation ation allows us to onsider for eah simple urrent α the set
Lα = {l ∈ GN |αp = pilp} ,
i.e. the set of prime residues mod N suh that the Galois permutation pil is the same as the
permutation indued by α (this set may be empty). We all a simple urrent α a Galois urrent
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when Lα 6= ∅. The set of Galois urrents may be shown to be losed under the fusion produt, in
other words they form a group.
Note that the vauum is always a Galois urrent, as it is a simple urrent for whih the or-
responding permutation is the identity, onsequently 1 ∈ L0. The interesting question is whether
there exists models with non-trivial simple urrents, so let's give a ouple of simple examples.
Our rst example is the Ising model, the Virasoro minimal model M (4, 3) of entral harge
c = 1
2
. As it is well known, this model has 3 primaries: the vauum 0, the energy operator ε, and
the spin operator σ. One has K = 16 and e = 3 in this model. A simple omputation reveals that
Lε = {5, 11, 13, 19, 29, 35, 37, 43}, i.e. ε is a non-trivial Galois urrent. More generally, one may
show that the only Virasoro minimal models with a non-trivial Galois urrent are those of the form
M (4, p) with p odd - the Ising model orresponding to p = 3 -, in whih ase the primary eld
with Ka-label (3, 1) is the non-trivial Galois urrent (for p > 3).
There are many more examples of theories with non-trivial Galois urrents, e.g. some of the
Ashkin-Teller models (= Z2 orbifolds of the ompatied boson, the Galois urrent being the
marginal perturbation), many WZNW models, produts and orbifolds of the above, et. As these
examples show, Galois urrents appear in many types of RCFTs. Closer examination of the above
examples leads to the following observations:
• the group of Galois urrents is small (in all of the above examples its order is either 1 or 2);
• theories with non-trivial Galois urrents are sparse: in two-parameter families of models they
form one parameter subfamilies.
As it turns out, the above observations reet general properties of RCFT, for one may show - the
proof is quite lengthy and tehnial - that
1. If there is a non-trivial Galois urrent, then it is unique, i.e. the group of Galois urrents has
either 1 or 2 elements;
2. If a theory has a non-trivial Galois urrent, then e is odd and K is a multiple of 16.
With respet to this last result, we note that the reverse impliation is by no means true, for there
exist examples of RCFTs with odd e and K a multiple of 16, but no non-trivial Galois urrent. On
the other hand, in those lasses of RCFTs for whih one has an expliit expression for e and K,
those with odd e and K a multiple of 16 are indeed sparse, in aord with the seond observation
above.
As to the rst result, it exhibits an important dihotomy for RCFTs: a model has either one
non-trivial Galois urrent, or it has none. As we shall see in the next setion, the existene of
a non-trivial Galois urrent has important onsequenes regarding the struture of the modular
representation, so the above mentioned dihotomy is not only meaningful, but also relevant. In
this respet one might say that the existene of a non-trivial Galois urrent for the Ising model is
a good signal of its speial nature.
4 Ordinary vs projetive kernel
Given a linear representation of a group, it is natural to look at the kernel of the representation, i.e.
the set of group elements that are represented by the identity operator. As we have mentioned in
setion 2, in ase of the modular representation assoiated to a RCFT, the kernel is a ongruene
subgroup whose level equals the order N of T . Knowing this fundamental result, the next natural
step is to look for a simple desription of the kernel. As it turns out the natural objet to look
at is not the kernel itself, but rather the projetive kernel PK = {m ∈ Γ (1) |D (m) = ξ (m) 1},
whih onsists of those modular transformations that are represented by salar matries, where
ξ : PK → C is a linear harater of PK, whih we term the entral harater.. Let's explain why
this is so.
Consider a omposite system denoted C1 ⊗ C2, whih is made up of two independent and non-
interating subsystems C1 and C2. Note that if both subsystems C1and C2 are RCFTs, then so is their
omposite C1 ⊗ C2. As the subsystems are ompletely independent, one expets that it should be
possible to determine unambiguously the value of any natural quantity for the omposite system
from the knowledge of the orresponding values for the subsystems.
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In this respet, the partition funtion and all orrelators are natural, for they fatorize in
the omposite system into a produt of orresponding quantities for the subsystems. Similarly, the
modular representation is natural, for the modular representation assoiated to C1⊗C2 is the tensor
produt of the modular representations assoiated to C1 and C2. On the other hand, the kernel is
not natural, for one annot determine the kernel of a tensor produt from the sole knowledge of the
kernels of the fators. The natural notion is that of the projetive kernel, beause the projetive
kernel of a tensor produt is simply the intersetion of the projetive kernels of the fators. This is
the oneptual explanation for looking at the projetive kernel instead of the ordinary one. We note
that the same naturality argument explains why it is the parameter K and not the ondutor N
that enters most of our results, for the former is natural in the above sense, while the later is not.
After these preliminaries, let's desribe the struture of the projetive kernel. To this end, let's
rst introdue the notation
Γ (K, g) =
{(
a b
c d
)
∈ Γ (1) | a, d ∈ g, b, c ≡ 0 (mod K)
}
for a subgroup g < GK . Clearly, Γ (K, {1}) equals the prinipal ongruene subgroup Γ (K), from
whih follows that Γ (K, g) is a ongruene subgroup for any g < GK .
Remember the Galois permutations pil from setion 2, and onsider the kernel of the permutation
ation pi, i.e. the set kerpi = {l ∈ GN |pil = 1}. Clearly, kerpi is a subgroup of GN , and reduing all
elements of kerpi modulo K we get a subgroup h of GK . It does follow from general properties of
the Galois ation that the exponent of h is 2, in other words l2 ≡ 1 (mod K) for all l ∈ h [12℄. The
basi result about the projetive kernel is that Γ (K, h) is a normal subgroup of PK - in partiular
PK is a ongruene subgroup of level K -, and there is an expliit isomorphism between the fator
group
PK/Γ (K, h)
and the group of Galois urrents! This means that the knowledge of K, the subgroup h and the
group of Galois urrents does ompletely determine the projetive kernel. Note that the index of
the prinipal ongruene subgroup Γ (K) in PK, whih equals the number of Galois urrents times
the order of h, is always a power of 2 by the above, a result that seems fairly non-trivial.
As an example, let's onsider one again the Ising model M (4, 3). As disussed in setion 3,
one has e = 3 and K = 16, and there is a non-trivial Galois urrent (the energy operator ε). In
this ase, the group h onsists of the prime residues {1, 7, 9, 15} modulo 16. As to the projetive
kernel, it has the oset deomposition
PK = Γ (K, h) ∪
(
3 8
8 11
)
Γ (K, h)
5 Disussion
As we have seen, the notion of Galois urrents is not only meaningful in the sense that there exists
non-trivial examples, but also relevant to the analysis of the properties of RCFTs. While we have
onentrated on their impat on the struture of the projetive kernel, it is quite plausible that
they play an important role for other aspets of the theory as well, e.g. fusion rules and modular
invariants. Eluidating these onnetions seems to be a rewarding task for the future.
The simple haraterization of the projetive kernel desribed in setion 4 should be regarded
only as a rst step. It should be followed by an understanding of the entral harater, the map
ξ : PK → C appearing in the denition of the projetive kernel. Another interesting point would
be to nd out whih subgroups h < GK are allowed for a given value of K.
Finally, one might speulate on the relevane of the above for the lassiation of RCFTs. The
knowledge of the projetive kernel might be an important ingredient of lassiation attempts.
From another point of view, one may hope that the speial properties of RCFTs with non-trivial
Galois urrents ould lead to a lassiation of this speial lass of model.
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